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All possible negation operations which are optimal in some precise sense are 
fully described. They turn out to be Lowen’s fuzzy complements, Yager’s 
intuitionistic negation, and a dual to the latter. 
1. INTRODUCTION 
Let P(X) = [O; 11” denote the set of all fuzzy sets with a domain X. It is 
possible to define logical connectives “or” and “and” for fuzzy sets in 
different ways [7]. We use standard definitions due to Zadeh [ 1 ] in this 
paper. Then P(X) is a complete distributive lattice under operations of union 
and intersection with universal bounds 0 and X. The lattice P(X) is a 
noncomplemented lattice, i.e., there is no operation A --f x in P(X) such that 
and 
AuA=X. (2) 
Nevertheless, a number of “complement” operations, usually called 
negations, are studied in current papers (see, for example, [l-4]). Naturally, 
these negations violate at least one of the properties (1) (2). Definitions of 
most negations suggested are pointwise ones. That means that 
x(x) = q(A(x)), where r: [O; l] + [O; I] is any “negation function”. 
This paper is concerned with a general (not necessarily pointwise) 
negation in fuzzy set theory. At first, all “optimal” (in some precise sense) 
negations are completely described. They turn out to be only involutions, 
intuitionistic negations, and dual intuitionistic negations. Then a structure of 
involutions in P(X) is studied. It is proven that each involution in P(X) is a 
variable pointwise involution generated by a family of negation functions, 
i.e., Lowen’s fuzzy complement [2]. In conclusion some possible 
generalizations are discussed. 
0022-247X/83 $3.00 
Copyright 0 1983 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
234 
GENERALNEGATIONS 235 
2. GENERAL NEGATIONS 
We begin with some common examples. 
EXAMPLE 1. Let v be a decreasing function q: [O; l] -+ [O; l] such that 
v(q+(a)) = a for all a E [O; l] (“strong negation function” in [3]). Then an 
involutionary negation in P(X) (see [4]) is defined by 
A(4 = rlV(x)) for all x E X. 
EXAMPLE 2. Let {qx}xeX be a family of strong negation functions. 
Lowen in [2] defines a “fuzzy complement” on X by x(x) = q,@(x)). This 
operation generalizes the previous example. 
Recall (see [5, p. 31) that an involution in the lattice P(X) is a mapping 
13: P(X) + P(X) such that (1) A < B iff B(A) > 8(B), and (2) 19’ is an identity 
in P(X). Any fuzzy complement on X (and, therefore, any involutionary 
negation) is an involution in P(X). Fuzzy complements in Lowen’s sense are 
called variable pointwise involutions in this paper. 
EXAMPLE 3. The lattice P(X) is completely distributive. Hence, each 
element A E P(X) has a pseudocomplement x (see [5]). We have, by 
definition,A=V{B]AnB=@), or 
X(x) = 0, if A(x)>O, 
= 1, if A(x) = 0 
in P(X). This negation is said to be an intuitionistic negation in [4]. 
EXAMPLE 4. By duality, we define a dual intuitionaistic negation by 
/q(x)= 1, if A(x) < 1, 
= 0, if A(x)= 1. 
All the negations defined fulfill the following 
EXTENSION PRINCIPLE [8]. The restriction of a negation on the set of all 
crisp subsets of X is a usual complement. 
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Only negations satisfying this principle are considered in this paper. In 
addition to properties (1) and (2), the crisp complement fulfills the following 




It is easy to verify that any involution satisfies (3)-(5) and does not 
satisfy (1) and (2). On the other hand an intuitionistic negation fulfills 
(2~(4) and does not fulfill (1) and (5). 
We shall use the following general definition of a negation in P(X): 
DEFINITION 1. An operation 13: P(X) --) P(X) is said to be a negation if it 
violates as few as possible of properties (l)-(5). We denote A= 8(A) in this 
case. 
One can consider negations thus defined as “optimal” negations in the 
sense that they are notions nearest o the crisp one. 
LEMMA 1. A negation in P(X) fulfills exactly three of properties (l)-(5). 
Proof: Since P(X) is a noncomplemented lattice, any negation A -+A 
violates (1) or (2). Suppose, for example, (1) is violated and A fI x = B # 0 
for some A E P(X). Suppose that all the remaining properties (2)-(5) are 
fulfilled. Then we have 
by (3), (5), and (2), and B = 0 by (5) and the Extension Principle. This 
contradiction shows that at least two of properties (l)-(5) are violated. As 
mentioned above, for example, an intuitionistic negation violates exactly two 
of properties (l)--(5) which completes the proof. 
COROLLARY. Any involution in P(X) and both intuitionistic and dual 
intuitionistic negations are negations in the sense of Definition 1. 
Theorem 1 shows that the converse is also true. 
THEOREM 1. Any negation in P(X) is an involution or an intuitionistic 
negation or a dual intuitionistic negation. 
Proof. (1) Let B be a negation which satisfies (5). Then, by Lemma 1, it 
also satisfies (3) or (4). By (5), 0’ is an identical mapping which implies 
bijectiveness of 0. Suppose, for example, (3) is true (the second case is dual 
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to this one). Then A <B implies A = A n B implies A= XV B implies 
B(A) > 8(B), and O(A) > B(B) implies B= An B implies B = A U B implies 
A <B. Hence, t? is an involution. 
(2) Let 13 violate (5). Then it violates (1) or (2). Let (1) be true and 
AnB=QL Then AUB=X which implies B=Bn(zUB)=(Bnx)U 
(Bn@=Bn& by (1). Hence, B<Aand we have, by (l), 
A= V{BIBnA = la}, 
i.e., e is an intuitionistic negation. 
(3) A dual argument shows that 0 is a dual intuitionistic negation in the 
case when (5) and (1) are violated. 
Note, that an intuitionistic negation Bi and a dual intuitionistic negation 
Bdi can be considered as limit cases of negations because we have 
8, Q e < edi for any negation 8. 
3. INVOLUTIONS IN P(X) 
It follows from Section 2 that, generally speaking, most negations in P(X) 
are involutions. Theorem 2 shows that variable pointwise involutions (see 
Example 2) turn out to be the most general form of an involution in P(X) 
fulfilling the Extension Principle. 
THEOREM 2. Any involution in P(X) which fulfills the Extension Prin- 
ciple is a variable pointwise involution. 
ProoJ Let us define the following fuzzy sets: 
S,(X) = 1, x = a, 
= 0, x # a, a E X, 
and 
Then 
u,(x) 5% a, a E [O; 11. 
A = u Kl n U.4(dl. 
(2 
Let A -+A be an involution in P(X). Then 
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Let us denote q,(a) = a,(x). Then, by the Extension Principle, 
44 = A c&c-4 ” K@(a))1 = rl,(A(x)). 
For A = c?~ the last formula gives a = qX(rX(cr)), i.e., qz is an identity. Let 
a <p. Then ua < u8 or (T, f7 uq which implies 0, = da n ~7~ or da > 8,. 
Hence, q,(o) > q&I). By dual arguments, v,(a) >_r.JJ) implies a < /?. Hence 
ye, is a strong negation function and A + A is a variable pointwise 
involution. Q.E.D. 
Note that the statement of this theorem is strongly based on the Extension 
Principle because there are many involutions in P(X) which are different 
from variable pointwise involutions (see [9], where all involutions in P(X) 
are described). 
4. CONCLUDING REMARKS 
It follows from Theorems 1 and 2 that negations from Examples 2-4 
present all possible optimal negations in the sense of Definition 1. All these 
negations can be extended on arbitrary L-sets (see [6] for definitions), where 
FIG. 1. An example of a lattice without optimal negations. 
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L is any complete distributive lattice. The main problem here is an existence 
problem: whether or not a given negation can be defined on a given lattice. 
Let us consider, for example, a lattice L from Fig. 1. It is easy to prove that 
this lattice does not admit an involution and both intuitionistic and dual 
intuitionistic negations are not optimal in L. On the other hand, it can be 
proven that Theorem 1 is true in any L-set theory if L has irreducible 
universal bounds, in particular, when L is a chain. Also Theorem 2 is true in 
any L-set theory if L is a complete distributive lattice. Nevertheless, it should 
be noted that involutions could not exist even in the case when L is a chain. 
It becomes clear if we consider L = {0} U [f; l] with a natural order. 
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